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RAMIFICATION IN C-EXTENSIONS OF
LOCAL FIELDS OF CHARACTERISTIC 0
Odile Sauzet
Abstract. We construct explicitly APF extensions of finite extensions of Qp for
which the Galois group is not a p-adic Lie group and which do not have any open
subgroup with Zp-quotient.
Let K be a finite extension of Qp and L/K be a Galois totally ramified pro-p-
extension. If the Galois group of L/K is a p-adic Lie group it is known from Sen
([Sen]) that the sequence of upper ramification breaks of L/K is unbounded and
that the higher ramification groups are open in Gal(L/K), i.e. in the terminology
of [FW], the extension is arithmetically profinite (APF).
The more general question concerning the existence of APF extensions of finite
extensions of Qp with a Galois group which is a free pro-p-group remains open (the
answer is positive in characteristic p, see [Fe]) and we are interested in obtaining
methods to construct APF extensions with a non p-adic Lie Galois group.
Coates and Greenberg ([CG]) raised the question whether the notion of un-
bounded sequence of upper ramification breaks (extensions deeply ramified) de-
pends on the existence of an open subgroup of the Galois group having a quotient
isomorphic to Zp. Fesenko answered this question negatively in [Fe] by showing the
existence of a finitely generated pro-p-group T such that no open subgroup contains
a Zp-quotient. He showed that the group T can be realized a the Galois group of
a finite extension of Qp.
In this paper we look at pro-p-groups such that the lower p-series define a fil-
tration of open subgroups. We show that this type of group can be realized as the
Galois group of a deeply ramified extension (and arithmetically profinite). Not only
the reason for being deeply ramified is not due to the presence of a Zp-extension
but we show that this notion is independent of the nature of the Galois group, i.e.
there are totally ramified extensions with such a Galois group which are not deeply
ramified.
We give a method to construct explicitly APF extensions with a Galois group
such as we described above. The method consists in taking a tower of extension
Ki/Ki−1 such that Ki+2/Ki−1 is a Galois extension of order p
3 with Galois group
having two generators ai and ai+1 and the Galois group of Ki+2/Ki+1 is generated
by the commutator [ai+1, ai]. We show how we can control asymptotically the
ramification in M = ∪iKi/K. We call the normal closure of such an extension a
C-extension (the ”C” standing for commutators)
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After recalling some background on ramification in Section 0, we give results on
the structure of the Galois group of the normal closure of the extension L/K which
are relevant to the identification of the sequence of ramification breaks. Namely, we
prove that the Galois group does not contain any proper closed normal subgroup.
Therefore a C-extension is deeply ramified if and only if it is APF. And we show
that the group does not contain any open subgroup with a Zp-quotient.
In Section 2 we construct the tower described above and we show how we can
have it to be APF. In Section 3 we show that the unboundedness of the ramification
breaks does not depend on the structure of the Galois group because there are C-
extensions which are not deeply ramified. The last section shows how one can use
C-extensions to construct more APF extensions. Working on problems relative
to arithmetically profinite extensions was suggested to me by Ivan Fesenko. I am
grateful for his support and numerous comments.
0. Ramification and arithmetically profinite extensions.
We recall some basic notion of ramification theory, for finite extensions see [Ser],
and for infinite extensions see [FV]. For a general introduction to APF extensions
see [DuFe].
Let L/K be a totally ramified finite Galois p-extension of local fields with finite
residue field and with Galois group G. Let
iG(σ) = vL(
σπL
πL
− 1);
where πL is a uniformiser of L and σ an element in G.
The ramification filtration in the lower numbering of G is defined by (see [Ser1,
Chap. VI])
Gi = {σ ∈ G ; iG(σ) ≥ i+ 1}.
This filtration does not behave well with quotients. To define ramification for
infinite extensions, there is another filtration defined via the Herbrand function
hL/K whose explicit formulation in the case of totally ramified p-extensions is as
follow :
hL/K(x) =
{
x if x ≤ i
(p− 1)i+ px otherwise
if [L : K] = p ;
and for a general finite extension the function is obtained with the equality :
hL/K = hL/M ◦ hM/K
where M/K is a subextension of L/K.
Let consider a group G of wild automorphisms of a local field of characteristic p
with finite residue field, we can define the ramification filtration in a similar way,
we write hG for the Herbrand function.
Then the ramification filtration in the upper numbering is given by
Gu = GhL/K(u).
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Let H be a normal subgroup of G, then
(G/H)u = Gu.H/H.
Now we can define the upper ramification filtration for infinite p-extensions :
Let L/K be an infinite Galois extension such that L = ∪iKi, then
G = Gal(L/K) = lim←−Gal(Ki/K)
and
Gu = lim←−Gal(Ki/K)
u.
Definition 0.1. The totally ramified extension L/K is arithmetically profinite
(APF) if for all x ≥ 0, the normal subgroup Gx is non trivial and open in G
If the extension L/K is APF, then we can again define the Herbrand function :
hL/K(x) = lim
i→∞
hKi/K(x),
and the ramification filtration of G in the lower numbering is well defined.
Fontaine and Wintenberger have defined the field of norms N(L/K) for an APF
extension L/K ([FW]) :
N(L/K)× = lim←−K
×
i ; N(L/K) = N(L/K)
× ∪ {0}
where {Ki} is an ordered family of finite subextensions of L/K such that L = ∪Ki
and the connecting maps are the norm. If L/K is APF, then the valuation defined
in [W2, 2.1.2.], addition defined in [W2, 2.1.3.] and the natural multiplication give
to N(L/K) a structure of local field of characteristic p with residue field isomorphic
to the the one of K and we have the following result on the action of G on N(L/K)
and the ramification ([W2, 3.3.4.]) :
Proposition 0.2. G acts faithfully on N(L/K) and can be identified to a closed
subgroup of Aut(N(L/K)). Moreover the ramification filtration of G can be read in
its image in Aut(N(L/K)), i.e. if NL/K(σ) is the image of an element σ ∈ G in
Aut(N(L/K)), then
Gi = {σ ∈ G ; iN(L/K)(NL/K(σ)) ≥ i}.
The following notations will be used in the sequel :
- The ramification break i of a finite p-extension or an APF p-extension with
Galois group G, or a group of automorphism G of a local field of characteristic p is
defined by
i = sup{x > 0, G = Gx}.
- The upper ramification break of G is u(G) = h−1L/K(i(G)).
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1. Definitions and basic properties
A pro-p-extension L/K can be defined as a tower of extensions Kn/K such that
[Kn : Kn−1] = p. If the extension L/K is Galois they correspond to a central series
of the Galois group. In order to construct explicitly a pro-p-extension with a given
Galois group it is convenient to describe the Galois group in term of generators for
the quotients of two consecutive terms in a central series.
Let recall how a p-group can be presented by powers and commutators (see [Jo,
13.2]).
Let G be a p-group of order pn and take a central series
G = G0 ⊂ G1 ⊃ ... ⊃ Gn = 1
such that |Gi/Gi−1| = p. Take ai a non trivial element of Gi−1\Gi for all 1 ≤ i ≤ n.
There is a power-commutator presentation of G :
G =< a1, ..., an | P,C >
where the relations are :
P : apj =
n∏
k=j+1
a
α(j,k)
k , 1 ≤ j ≤ n, 1 ≤ α(j, k) ≤ p;
C : [aj, ai] =
n∏
k=j+1
a
β(1,j,k)
k , 1 ≤ i < j ≤ n, 1 ≤ β(1, j, k) ≤ p.
We call the ai’s the PC-generators (not to confuse with the group minimal set of
generators).
The notion of PC-presentation can be extended to pro-p-groups by taking the
inverse limit of PC-presented p-groups
Definition 1.1. Let G be a pro-p-group with the PC-presentation
G = lim←−
k
< a1, ..., ak | Pk, Ck >,
The set {ai} of elements of G is called a set of PC-generators.
C-extensions are defined by the nature of a PC-presentation of their Galois
group.
We need to define the lower central series of a group. Let γ1(G) = G and
γi+1(G) = [γi(G), G]. This series is strictly decreasing, i.e γi(G)/γi+1(G) is trivial
if and only if γi(G) is trivial.
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Definition 1.2. The length of an element a in G, is the greater integer i such that
a ∈ γi(G).
A filtration of a pro-p-group by open subgroups can be defined as follow (for a
finitely generated pro-p-group) :
P0(G) = G, P1(G) = G
p[G,G], Pi+1(G) = P
p
i (G)[Pi(G), G].
It is called the lower p-series.
Definition 1.3. Let G be a pro-p-group with a set of PC-generators
J = {a1, a2..., ak, ...}.
A C-tower in G is a subset noted (ank) of J , satisfying
an3 = [an1 , an2 ], for certain n1 and n2 ;
an4 = [an3 , an2 ], ank+1 = [ank , ank−1].
Definition 1.4. a. A C-group is an infinite pro-p-group G which has a set of PC-
generators I containing a C-tower C, and if N is the subgroup of G PC-generated
by I \ C, then ⋂
g∈G
g−1Ng = 1
b. A C-extension is a Galois pro-p-extension whose Galois group is a C-group.
Let L/K be a C-extension and G its Galois group. We will note N(E)/K the
normal closure of an extension E/K and M = LN will be called the extension of
K defined by the C-tower C. Also we will note Ki the subfields of M/K such that
Gal(Ki/Ki−1) =< ai > (where we identify ai with its image in Gal(Ki/Ki−1)).
We call an extension of Cn-type an extension E/K such that there exists a C-
extension L/K such that LN = ∪Ki as above and E = Kn. If E is an extension of
Cn-type, we will note N(E) the normal closure of the extension E/K
Remark. The existence of C-extensions will be proved in Section 2.
The purpose of the next lemma is to describe the elements in the Galois group
of a C-extension which are not in the C-tower.
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Lemma 1.5. The elements bk in Gal(N(Kk)/KkN(Kk−1)) are such that
ak = [bk, a], and bk ∈< [ak−1, aj], 2 ≤ j ≤ k2 >
with a an element in Gal(N(Kk)/K) which does not belong to
Gal(N(Kk)/KkN(Kk−1)).
Proof. The assertion ak = [bk, a] comes from the fact that KkN(Kk−1)/K is not a
normal extension, therefore
Gal(N(Kk)/KkN(Kk−1))
is a subgroup of Gal(N(Kk)/K) which is not normal. For all bk in
Gal(N(Kk)/KkN(Kk−1)),
there is an element a in Gal(N(Kk)/K)) with a non trivial image in
Gal(N(Kk−1)Kk/K)
such that
[bk, a] 6∈ Gal(N(Kk)/KkN(Kk−1))
and as N(Kk)/N(Kk−1) is a normal extension of K, we have that
[bk, a] = ak.
We recall how a normal subgroup of a p-group is generated (see [Jo]). Let G
be a p-group and H be a normal subgroup. Let I be a set of representative in G
of elements in G/H (Schreier transversal). Let J be a set of generators of G. A
generating set of H (not necessarily minimal) is the following
{tx(t¯x)−1, x ∈ J, t ∈ I}
where t¯x is the representative in I of the image of tx in G/H.
The element ak is a generator of the normal subgroup Hk = Gal(Nk/Nk−1), but
the normal subgroup of Hk not containing ak define a subextension of Nk/K which
is not normal. So there is an element bk,1 such that
ak = [bk,1, a] ∈ Gal(Nk/K)
with a a lift of an element in Gal(Nk−1/K). If the normal subgroup of Hk not
containing bk,1 define a subextension of Nk/K which is normal then {ak, bk,1}
define a system of generators of the normal subgroup Hk of Gal(Nk/K). If not,
there exists an element bk,2 such that
bk,1 = [bk,2, a] ∈ Gal(N(Kk)/K).
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This process is finite because Hk is a finite group. Now we have to show that the
set of generators can be taken as in the lemma :
Writing explicitly the commutators we obtain the following equality, by assuming
that whenever a commutator was of length greater that the length of ak it was trivial
in Gal(Nk−1Kk/K) by the above :
ak = [ak−1, ak−2] = [ak−1, [ak−3, ak−4]]
= [a−1k−1, a
−1
k−4][a
−1
k−4, [a
−1
k−1, a
−1
k−4]][ak−4, [ak−3, ak−1]][a
−1
k−1, ak−4][[a
−1
k−1, ak−4], ak−3].
The elements
[ak−3, ak−1] and [ak−1, ak−4]
are non trivial if and only if ak is non trivial. Similarly we obtain that [ak−3, ak−1]
is non trivial if
[ak−5, ak−1] and [ak−1, ak−4]
are non trivial. And therefore ak is non trivial if for all 2 ≤ i ≤ k − 2, [ak−1, ai] is
non trivial. 
Proposition 1.6. Let L/K be a C-extension with Galois group G. The pro-p-
group G is just infinite, i.e. all proper closed normal subgroups of G are open.
Proof. Let H be a closed normal subgroup of G. If H contains ai an element in
the C-tower, then all aj , j > i are in H. Indeed, by normality of the subgroup
[ai, ai−1] = ai+1 is in H and the result is obtained by induction. In Lemma 1.5, we
saw that all the PC-generators of G which are not in the C-tower are elements in
the group spanned by {[ak−1, aj], 2 ≤ j ≤ k2}. If almost all ai’s are is in H, then
almost all [ak−1, aj] is also inH by normality ofH and then almost all PC-generator
of G is in H. Therefore H is an open subgroup of G.
Now assume that no element of the C-tower is in H. H contains a PC-generator
b of G which is not in the C-tower, such that ak = [b, a] for a certain integer k and
a is an element of G. By normality of H ak is in H and as above H is open.

The direct consequence of this result is that it will be rather simple to check if
a C-extension is APF, as it is enough to check the unboundedness of the sequence
of upper ramification breaks.
Corollary 1.7. A C-extension L/K is APF if and only if it is deeply ramified,
i.e. if the sequence of upper ramification breaks of L/K is unbounded.
Proof. Let G = Gal(L/K). If L/K is APF then it is deeply ramified. Assume
that sequence of upper ramification breaks of L/K is unbounded then every upper
ramification group Gu for u > 0 is non trivial. By Prop. 1.6 all Gu for u > 0 is
also open. 
We show that these extensions will give examples of APF extensions where the
unboundness of the sequence of upper ramification breaks will not be the conse-
quence of a Zp-quotient in an open subgroup.
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Proposition 1.8. All open subgroup H of G contains no normal closed subgroup
N such that
H/N ≃ Zp.
Proof. Let H be an open subgroup of G and there exists an element a which is
a generator of H and an element of infinite order ([Ze]). But the principle of the
proof is to show that for all open subgroup H the derived group [H,H] is of finite
index. Therefore there are no quotient of H isomorphic to Zp which is an infinite
abelian group.
We show that the lower central series are equal to the lower p-series, i.e
∀i, γi(G) = Pi(G) = Pi−1(G)
p[Pi−1(G), G]
We have to show that
γpi (G) ⊂ [γi(G), G].
Let a be an element in G of length ℓ. There is a commutator [b, c] of length ℓ such
that a = [b, c]a′.
ap = [b, c]pa′
p
...
the ... stand for commutators of higher length.
[b, c]p = [bp, c][b, [b, c]]p−1...
as we have proved in Lemma 1.5 that there are no subgroup of any finite quotient
of G generated by an element api such that the length of a
p
i is the length of ai. So
either bp = 1 or we can decompose again in the same way, and after a finite number
of time we obtain that the length of ap is strictly greater than ℓ.
G being a finitely generated pro-p-group such that Gp is included in the derived
group [G,G], this last subgroup is of finite index in G. Let H be an open subgroup
of G, there exists an integer i such that
γi(G) ⊂ H.
Therefore
[γi(G), γi(G)] ⊂ [H,H].
To show that the derived group [H,H] is of finite index in H it is enough to show
that for all i, [γi(G), γi(G)] is of finite index in G.
There is an inclusion
[γi(G), γi(G)] ⊂ γ2i(G).
The quotient
γ2i(G)/[γi(G), γi(G)]
contains only elements in
[G/γ2(G), γ2i−1(G)/γ2i(G)], [γ2(G)/γ3(G), γ2i−2(G)/γ2i−1(G)], ...,
[γi−1(G)/γi(G), γi+1(G)/γi+2(G)].
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All these groups being finite, the quotient
γ2i(G)/[γi(G), γi(G)]
is finite. The subgroup γ2i(G) is of finite index in G, and so is [γi(G), γi(G)]. For
every open subgroup H of G, the derived group [H,H] contains a subgroup which
is open in G and we have proved the result. 
The last result of this section shows that if a C-tower is APF, this is not due to
the result of Sen on p-adic Lie groups.
Proposition 1.9. The Galois group of a C-extension is not a p-adic analytic
group.
Proof. It is enough to show that there are open subgroups with an arbitrary large
number of generators, i.e we show that the pro-p-group G is not of finite rank (see
[DDMS] Prop. 3.1 and Cor. 8.34). Consider the subgroup H of G containing
a2, a3, ..., a2k−1, a2k+1, a2k+2, ...
ie. for i < 2k+1 even, ai is not in the subgroup and for any i ≥ 2k+1 ai is in the
subgroup. Then the elements
a2, a3, ..., a2k−1, a2k+1
are topological generators of the open subgroup H. Indeed, none of this elements
are in the Frattini subgroup φ(H) or are equal to another one modulo an element
in φ(H) :
a2i+1 = [a2i, a2i−1], a2i 6∈ H, a2i−1 ∈ H.

2. There exist APF C-extensions
In this section we assume that K is a finite extension of Qp of degree at least 3.
We construct a totally ramified C-extension and show that there exist C-extensions
of K which are APF.
Proposition 2.1. Let K be a finite extension of Qp of index of ramification e(K).
For all n > 0 there exists an extension of Cn-type with maximal upper ramification
break satisfying
un > ne(K)− vn where lim
n→∞
vn <∞.
First we prove a lemma.
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Lemma 2.2. i. Let K1/K and E/K1 be cyclic extensions of order p such that
E is not normal over K. Then there exists a cyclic extension K2/K of order p
such that K2E/K is a normal extension of order p
3 with Galois group having the
presentation :
Gal(K2E/K) =< a1, a2 | a
p
1 = a
p
2 = [a1, a2]
p = 1, [a1, [a1, a2]] = [a2, [a1, a2]] = 1 >
ii. Let K1/K be a cyclic extension of order p and E/K1 an extension of Cn-type.
We have one of the following cases :
a. there exist a cyclic extension K2/K of order p such that K2E/K is a normal
extension of Cn+2-type ;
b. there exists two cyclic extensions K2/K and K3/K of order p such that
K2K3N(E)/K is a normal extension and if we note b and c a lift of the generators
Gal(K2/K) and Gal(K3/K) in
Gal(K2K3N(E)/K)
then we have the relations in Gal(K2K3N(E)/K)
[a, b] = a1α1 ; [a, c] = a2α2
where (a1α1, a2α2) define a minimal system of generators of
Gal(K2K3N(E)/K1K2K3)
and a is a lift of a generator of Gal(K1/K).
Proof. i. Let take E(K) the normal closure of E/K and consider a generator b
of Gal(E(K)/K) which has a trivial image in Gal(K1/K). We note a (resp. c) a
lift of a generator of Gal(K1/K) (resp. Gal(E/K1)) in Gal(E(K)/K). Then the
subgroup generated by b is not a normal subgroup. It means that one can choose
the generators such that there is one of the relations which is
[a, b] = c or [b, c] = a.
We note that the subgroup generated by b and c is normal so the second relation
is not possible and we get the result.
ii. We obtain two extensions K2/K and K3/K by considering two cyclic inde-
pendent subextensions of E/K1 as in case i. Let call b and c the two generators
obtained. There are two possibilities : either K2 and K3 are linearly independent
in which case we are in case b. or c = bi i 6= 1 and we are in case a, indeed we have
that a1 = [a, b] and
a2 = [a, b
i] = [a, b]i[[a, b], b]
and therefore
[a2, a1] = [[[a, b], b], [a, b]].

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Proof of Proposition 2.1. Let show first that for all K non trivial extension of
Qp, there exists an extension E3/K of C3-type satisfying the condition on the
ramification. Let take an extension K1/K with ramification break i1(3) and an
extension E/K1 with ramification break i all of them cyclic of order p such that
i > i1(3) and we put
u3 = i1(3)
p− 1
p
+
i
p
.
Moreover we want E not to be normal over K. For this it enough to take i such
that p does not divide i− i1. By Lemma 2.2, there exists a normal extension E3/K
of C3 type for which the bigger upper ramification break is u3.
Let K1/K be a cyclic extension of order p with ramification breaks i1(5). We
showed that there exists an extension E3/K1 with bigger upper ramification break
u3. We put
u5 = i1(5)
p− 1
p
+
u3
p
.
By Lemma 2.2 we have two possibilities either c = bi and we have the result or
Gal(E(K)/K) is a p-group with exactly three generators.
We show for all n that Gal(E(K)/K) contains a subgroup N such that the
subextension E(K)N/K) is the subextension of an extension of Cn-type.
Take the normal subgroup N of Gal(E(K)/K) generated by c[a, b]. The group
N also contains
a−1c[a, b]a = c[c, a][a, b][[a, b], a] and
b−1c[a, b]b = c[c, b][a, b][[a, b], b]
which will define relations in Gal(E(K)N/K).
The map
Gal(E(K)/K) → Gal(E(K)/K)/N
a → a¯
b → b¯
c → [b¯, a¯]
a1 → [a¯, b¯]
a2 → [a¯, [a¯, b¯]]
b−1c[a, b]b → 1
a−1c[a, b]a → 1 = [b¯, a¯][[b¯, a¯], a¯][a¯, b¯][[a¯, b¯], a¯]
...
shows that E(K)N/K is the subextension of an extension of Cn-type because the
relation
[b¯, a¯][[b¯, a¯], a¯][a¯, b¯][[a¯, b¯], a¯] = 1
is trivial :
a−13 [a
−1
3 , a2]a3a4 = a
−1
2 a
−1
3 a2a3a4 = a
−1
2 a
−1
3 a3a2a
−1
4 a4 = 1
Let consider the extension of Cn-type which has E(K)
N as a subextension. We
proceed with the construction. The bigger ramification break in that extension is
u5 defined above.
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Now we proved the result for n = 5 and we assume we can show it for any
odd integer n and show that then for all finite extension K of Qp there exists an
extension of Cn+2-type with bigger upper ramification break un+2.
Let K1/K be a cyclic extension of order p with ramification break i1(n+ 2). By
assumption there exists an extension of K1 of Cn-type with biggest upper ramifi-
cation break un then put
un+2 = i1(n+ 2)
p− 1
p
+
un
p
.
By Lemma 2.2, the situation is similar to the case n = 5. Either there exists an
extension K2/K such that EnK2/K is of Cn+2 type or we have to take a quotient
of Gal(En(K)/K) by the same normal subgroup as in the previous case.
It remains to show that the ramification breaks i1(3), i1(5), ..., i1(2n+ 1), ... can
be taken such that upper ramification breaks u3, .., un, ... satisfy the condition in
the proposition, i.e there exists a convergent sequence vn such that
un > ne(K)− vn.
For n = 3 take any i1(3) and i.
Then for n = 5, we take
i1(5) =
pe(K)
p− 1
− ε5
where ε5 is an integer, such that
u5 = e−
p− 1
p
ε5 +
u3
p
.
For n = 7, we take
i1(7) =
pe(K)
p− 1
− ε7
such that
u7 = e−
p− 1
p
ε7 +
u5
p
= e−
p− 1
p
ε7 +
pe(K)
p
−
p− 1
p2
ε5 +
u3
p2
= 2e− [
p− 1
p
(ε7 +
ε5
p
)−
u3
p2
].
Note that for n+ 1 we have that the value e(K1) = pe(K)
By taking for all odd integer k,
ik =
pe(K)
p− 1
− εk
we obtain
u2n+1 = (n− 1)e− [
p− 1
p
(ε2n+1 +
ε2n−1
p
+ ...+
ε5
pn−1
)−
u3
pn−1
].
Take all the εk in a bounded interval, then
vn = [
p− 1
p
(ε2n+1 +
ε2n−1
p
+ ...+
ε5
pn−1
)−
u3
pn−1
].
is a convergent sequence.

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Corollary 2.3. There exist APF C-extensions.
Proof. Let L/K be a C-extension and note {ai} a C-tower defining its Galois group.
We assume that this extension is not APF. Take a family En of extensions of K
linearly independent of L/K such that for all n En/K is an extension of Cn-type
and its greater upper ramification break u˜n satisfies
u˜n ≥ ke where n = 2k or n = 2k − 1.
This family exists by Proposition 2.1 and one can check that the extensions taken
are linearly independent of L/K by checking that the compositum of the Lab/K
and the subextensions En,1/K of En of order p
2 which is not normal remains not
normal.
We will note {a˜i,n} the C-tower defining the extension En/K.
Let un be the sequence of upper ramification breaks in L/K. This sequence is
convergent as we assumed that the extension is not APF. We modify the extension
L/K in order to obtain a C-extension L˜/K which is APF. Consider the compositum
M of L with all the finite extensions N(En)/K and take L˜ the fixed field of M by
the normal subgroup generated by a1a˜
−1
1,n and a2a˜
−1
2,n for all n. We show that this
is a well defined C-extension and that it is APF, i.e. that the sequence of upper
ramification breaks in L˜/K is unbounded (see Cor. 1.7).
The Galois group Gal(L˜/K) is defined by the surjective map
Gal(M/K) → Gal(L˜/K)
a1 → a¯1
a2 → a¯2
a1,n → a¯1 ∀n > 2
a2,n → a¯2 ∀n > 2
ak → a¯k(a¯1, a¯2) ∀n > 2
ak,n → a¯k(a¯1, a¯2) ∀n > 2
where a¯k(a¯1, a¯2) is the k
th element is the C-tower generated by a¯1 end a¯2. This a
group homomorphism. So L˜/K is a C-extension.
The upper ramification breaks u¯k in L˜/K, for k large enough satisfy:
u¯k ≥ Sup{uL/K(ak), uEn/K(ak,n), ∀n ≥ k}.
Indeed, this is not the case if for all n ≥ k
uL/K(ak) = uEn/K(ak,n) and uM/K(akak,n) > uL/K(ak).
If L/K is not APF, for k big enough
uL/K(ak) < uEk/K(ak,k)
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as the first sequence is convergent and
uEk/K(ak,k) > ([
k − 1
2
]− 1)e(K).
With the hypothesis made on the greater upper ramification break in the extension
En/K we obtain that for n big enough
u¯n ≥ ([
n− 1
2
]− 1)e(K).
and therefore the extension L˜/K is APF. 
3. There exist non arithmetically profinite C-extensions
We want to show that unlike extensions whose Galois group is a p-adic Lie
group, the structure of the Galois group of C-extensions does not implies that the
extensions is APF. Indeed, we show how to construct a C-extension which is not
APF.
Proposition 3.1. There exist C-extensions which are not deeply ramified .
We construct a C-extension L/K such that LN/K has bounded ramification.
Let L/K be a C-extension such that LN = ∪Kn as defined in Section 1. Consider
the (not normal) closed subgroup H of G = Gal(L/K) such that only the elements
of the C-tower a2i+1, i ≥ 0 are not in H and take M
′ = LH the fixed field of L
by H. Then M ′/K is an infinite extension with M ′ = ∪Mn such that for all n
Mn/Mn−1 is a cyclic extension of order p and Mn is not a normal extension of
Mn−2. Moreover we assume that for all n we have that the ramification breaks
satisfy :
p ∤ (i(Mn/Mn−1)− i(Mn−1/Mn−2)).
This is possible to obtain by the methods used in Section 2.
We are going to construct a family of extensions En/K of Cn-type for all n > 1
such that there exists a subextension of L ∪ (∪N(En)) which is a non APF C-
extension.
First we show that we can construct a tower of extensions E′i/K such that for
all i the extension
MiE
′
i−1E
′
iMi−1/Mi−1E
′
i−1
contains a cyclic subextension of order p with a given ramification break
in < i(MiE
′
i−1/Mi−1E
′
i−1).
We show a general lemma on the existence of Galois extension of order p2 with
given ramification breaks :
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Lemma 3.2. Let L/K be a cyclic extension of order p with ramification break i.
Let j and s be two positive integers not divisible by p such that if s ≤ i then s ≤ j
and i + p−1(s − i) ≤ j otherwise ; and j ≤
pe
p− 1
where e is the absolute index of
ramification of K. If i 6= j, take s = hL/K(j). There exists a cyclic extension L
′/K
of order p with ramification break j such that the ramification break of the cyclic
extension LL′/L is s.
Proof. Suppose that i 6= j.
There exists a cyclic extensionK1/K of order p totally ramified with ramification
break j if and only if j ≤
ep
p− 1
([FV, Prop. III2.5]). As i 6= j, the ramification in
LL′/L is s = hL/K(j).
Suppose that i = j. Let λ be a root of the polynomial Xp − X − α with
vK(α) = −i and L = K(λ) and < τ >= Gal(L/K). We show that there exists an
element β in K, vK(β) = −i and µ the root of the polynomial X
p − X − β such
that there is an element A in K(λ, µ) stable by τσ where σ generates Gal(K(µ)/K)
satisfying the conditions :
. vK(λ,µ)τσ(A) = −s
. vK(λ,µ)τσ(σ(A)− A− 1) > 0.
It is enough to show that i(Gal(K(λ, µ)τσ/K)) = −s and therefore
i(Gal(K(λ, µ)/L)) = −s.
If p = 2 take
A = µτ(λ) + λσ(µ),
if p > 2 take
A =
∑
0≤i<j≤p−2
τ i(λ)σj(µ)− τ j(λ)σi(µ).
First we show that τσ(A) = A.
τσ(A) =
∑
0≤i<j≤p−2
τ i+1(λ)σj+1(µ)− τ j+1(λ)σi+1(µ).
We conclude by the fact that TrK(µ)/K(µ) = TrK(λ)/K(λ) = 0 which allows to
replace τp−2+1(λ) by −(
p−2∑
i=0
τ i(λ)) and σp−2+1(µ) by −(
p−2∑
i=0
σi(τ)).
For p = 2, the result is clear.
We show that the second condition is always valid. We have that
vK(λ)(τ
j(λ)− τ i(λ)− 1) > 0
and
vK(µ)(σ
j(µ)− σi(µ)− 1) > 0
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for j > i. For p > 2
σ(A)− A =
∑
0≤i<j≤p−2
τ i(λ)(σj+1(µ)− σj(µ))− τ j(λ)(σi+1(µ)− σi(µ))
σ(A)−A =
∑
0≤i<j≤p−2
(τ i(λ)− τ j(λ) + ...)
where the dots mean terms of higher valuation. The above sum is then equal to
σ(A)− A = 1− p+B
where B is of positive valuation, which gives the result.
In the case p = 2 one has
σ(A)−A = (σ(µ)− µ)(τ(λ)− λ),
so we can conclude in a similar way.
Let M = K(λ, τ)τσ. By a similar method as above we obtain :
vM (A) = vM (
∑
0≤i<j≤p−2
τ i(λ)(σj(µ)− (σi(µ))− σi(µ)(τ j(λ)− τ i(λ)))
= vM (
∑
0≤i<j≤p−2
(τ i(λ)− σi(µ))).
From the equality of the valuations
vM (τ
i(λ)− σi(µ)) = vM (τ
i(λ)p − σi(µ)p − α+ β)
we deduce that vM (τ
i(λ)− σi(µ)) = −s if
(*) vK(α− β) = −s
and if this last equality is valid then vM (A) = vK((p − 2)(α − β)) = −s. So take
β = α + π−sK and we have proved the existence of the extension K(µ) with the
required properties.
For p = 2 we obtain the condition vM (A) = −s if vK(α+ β) = −s. 
The lemma gives the existence of an extension F/Mi−1E
′
i−1 satisfying the prop-
erty, but we have to make sure that this correspond to an extension of E′i−1. For
this take an element β in E′i−1 such that (see (*) in the proof of the lemma)
vMi−1E′i−1(α− β) = −s.
It remains to check that the extension obtained is not normal over E′i−1. This
is clear with the assumption on the lower ramification breaks of the extensions
Mn/Mn−1 made at the beginning of this section.
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We have a tower of extensions E′i such that E
′
i+1/E
′
i−1 is not normal. We
construct the extensions En/K in a similar way that we constructed the extensions
En/K in the previous section.
The extension E3/K is obtained as in Section 3 by taking the normal closure
of E′2/K. Then we obtain E5, we start by taking the normal closure of E
′
3/E
′
1 to
obtain a Galois extension F5/E
′
1 which is not normal over K and then take the the
normal closure of this extension. We get E5/K as in Section 2.
We can repeat this process for all n and obtain the required family of extensions.
Now we look at the ramification in the subextension L′ of L ∪ (∪N(En)) which is
the fixed field of L ∪ (∪N(En)) by the normal subgroup generated by a1a˜
−1
1,n and
a2a˜
−1
2,n for all n keeping the notation of Section 2. We saw that it was a C-extension.
We note that for all i, n and m, a˜2i,n = a˜2i,m. In the construction of the tower
of E′n, we can choose the ramification breaks in to be small enough so that the
sequence of upper ramification breaks in the extension L′/K converges.
4. Construction of some APF extensions
whose Galois group is not a p-adic Lie group
First we discuss deeply ramified extensions. We know that all totally ramified
extensions whose Galois group contains an open subgroup with a Zp-quotient are
deeply ramified. In this paper we have shown that :
Proposition 4.1. i. All pro-p-groups that contains a C-tower can be realized as
the Galois group of a deeply ramified extension.
ii. The fact that the Galois group of a totally ramified extension contains a
C-tower is not enough to say that the extension is deeply ramified.
Now we look at arithmetically profinite extensions.
The result obtained in Section 2 can be extended to construct more APF Galois
pro-p-extensions
Proposition 4.2. Let E/K be a totally ramified Galois pro-p-extension such that
. Gal(E/K) is a pro-p-group over two generators ;
. E is the compositum of a finite number of extensions Ei/K each of them
containing a subextension Li/K such that Ei/Li is a C-extension.
Then for all subextension L/K of E/K which is infinite, Gal(N(L)/K) contains
a subgroup which is generated by a C-tower (i.e there is a finite extension K ′/K
such that L/K ′ is a C-extension.
Proof. Let call
{ak,i, i > 0} for 1 ≤ k ≤ n
the C-towers generating a lift of Gal(Ei/Li) in G = Gal(E/K).
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Let H be a normal subgroup of G of infinite index. We show that at least one
C-tower is not contained in H. Suppose that
ak,i ∈ H
for a certain pair (k, i) and
ak,i−1 6∈ H.
then as H is normal we have
a−1k,i−1ak,iak,i−1 = ak,iak,i+1 ∈ H
and therefore
ak,i+1 ∈ H.
So as there are only a finite number of C-towers and nothing else there is a C-tower
which has a non trivial image in G/H.
We show that there is an open normal subgroup of G/H which is generated by
a C-tower. Let {a¯i} be the image of a C-tower in G/H. As G is the union of a
finite number of C-towers, there are a finite number of a¯i such that there exists
an element b¯ in G/H which is not in the subgroup generated by {a¯i} which does
not commute with a¯i. So there exists i0 such that the subgroup generated by the
C-tower {a¯i, i > i0} is an open normal subgroup of G/H.

The sequence of upper ramification breaks in a quotient depends on the relations
that define this quotient :
Proposition 4.3. Let E/K be as in Prop. 4.2. Let H be a closed normal subgroup
of infinite index. Let {a¯i} be a C-tower in G/H. The upper ramification breaks of
the elements in {a¯i} for i big enough are given by :
uG/H(a¯i) =Max{uG(ak,i), ϕ(ak,i) = a¯i}.
Proof. To see this we have to show that if there exists a C-tower {ak,i} which is
send to {a¯i} in G/H, then either no other C-tower is mapped to this one or if there
is then al,i... is mapped to a¯i where the dots stand for elements al,j , j > i.
This comes from the fact that if
ak,i
∏
l∈I,j∈J
al,j ∈ H
then the towers {al,i} have a non trivial image in G/H if an elements that does not
commutes with al,j is mapped to a¯i.
We can show that this element can only be al,j−1.... And by going down until
there are no more elements in G/H which commute with one of the elements, we
see that we must have i = j

We have the following result on the ramification in the extension L/K :
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Corollary 4.4. If for all C-towers in G we have that
uG(ak,ial,i) = Inf{uG(ak,i), uG(al,i)}
and all the C-extensions Ei/Li are APF. Then E/K is APF.
A consequence of this result is that we can construct an APF extension with a
Galois group as in Proposition 4.3
Proposition 4.5. There exists extension E/K as in Proposition 4.2 which are
arithmetically profinite.
Proof. To construct extensions E/K which are APF we use the same method as in
Section 2. By Corollary 4.4, it is enough to take all the C-towers having distinct
upper ramification breaks.
Take an extension E/K as in Prop. 4.2. We can modify it so that all the C-
extensions Ei/Li are APF as done in Section 2. In order to have the condition of
Cor. 4.4 we have to modify them so that they have all distinct upper ramification
breaks sequences which can be done because there is a finite number of C-extensions
to consider. 
A similar result can be obtained for the compositum of infinitely many C-
extensions over the same two generators if we restrict to such group in which every
elements in a C-tower commutes with almost all elements in G. But even in that
case there are infinite Galois subextensions whose Galois group does not contain
any C-tower. Namely one can take the normal subgroup that contains all the ak,i
for i greater that a given i0, for all k. We can show that there no other Galois
subextensions than those and the one which we looked at the beginning of that
section but we have to make sure that such subextensions are also APF.
We discuss briefly how to generalize the construction made in Section 2, in order
to obtain APF extensions of this type.
Let K1/K be a cyclic extension of order p and let K2/K1, ..., Kp/K1 be p − 1
distinct cyclic extensions of K1 with different ramification breaks such none of them
are normal over K. Then the result obtained in Lemma 2.1 extend and therefore
there is a quotient of the normal closure of the extensionK2K3...Kp/K whose Galois
group is PC-generated by a1, a2, a3, ...ap+1 with a3 = [a2, a1] and ai = [ai−1, a1] for
i > 3.
Now we have to check that, in this type of construction, we can take the ramifi-
cation to be hight enough so that the whole extension is APF. By considering the
number of generators in an open subgroup of a free pro-p-group with two gener-
ators, the bound on the upper ramification and the fact that we want the upper
ramification breaks to be unbounded, we can’t simplify our problem by taking all
ramification distinct because there would not be enough integer available. But as
seen in Section 3, we can control the extensions so that the ramification breaks
would not collapse in certain quotients.
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